Abstract. Uniform asymptotic expansions are given for the Stirling numbers of the first kind for integral arguments and for the second kind as defined for real arguments by Flajolet and Prodinger. The logconcavity of the resulting real valued function of Flajolet and Prodinger is established for a range including the classical integral domain.
Introduction
Recently Flajolet and Prodinger [4] have given a solution to the problem of Graham, Knuth and Patashnik [5] which asks for a good generalization of the Stirling numbers of the second kind, denoted here by Sj? for complex numbers η and k. They define (equation (2) 
of [4])
Here C is a Hankel contour which starts at -oo, circles the origin and goes back to -oo subject to |Imz| < 2π. Flajolet and Prodinger do not consider this problem for Stirling numbers of the first kind in the same detail although they do establish the identity SJ = si*, s£ denotes the Stirling number of the first kind using their definition of The definition of s-J they give is where C\ is the "raindrop contour", the image of C under w = e z -1. It is natural to consider the absolute value of the Stirling numbers of the first kind as Moser-Wyman [7] and Temme [11] have done since questions of sign are avoided and |s£| is the number of permutations on η symbols with k cycles. It is natural for us, following these authors, to define for positive real χ and y
Here C2 is any Jordan curve which circles the origin in the counterclockwise sense. Note that Γ(u + y + l)/T(u + 1) is a polynomial in u for integral y and has no singularities for positive nonintegral y for |m| < y. We adopt this last definition, however we are primarily interested in positive integral values where the definitions agree.
Flajolet and Prodinger show that is for fixed y an entire function of χ and for fixed χ a meromorphic function of y with poles at the negative integers.
In this note we derive asymptotic estimates for these generalized Stirling numbers. Our estimates are completely analogous to the estimates stated by Temme [11] for the standard Stirling numbers and are uniform in δ < χ < y, δ a positive constant as y -• 00 for the Stirling numbers of the second kind and uniform and for the first kind are uniform for integral χ and y in the same ranges. One reason for doing this is that certain steps in the proof of Temme's results were omitted (see Odlyzko's comments [8] regarding this), another is to verify that these results hold for Flajolet and Prodinger's generalization. We derive Temme's results using the analysis of Moser and Wyman [6, 7] which turns out to be easily adapted to the generalized numbers. We also, using the method of Merlini-Richmond [10] (based on work of Gardy [3] ) show that is a logconcave function of χ for large y and δ < χ < y.
We prove three theorems (we let δ denote a positive constant).
Let ii 0 be the unique real positive solution of the equation
(It is easily seen that u/( 1 -e~u) is an increasing function). Let 
REMARK 3. It seems very likely that it is not difficult to establish Theorem 2 for real
χ and y using our definition of and a Theorem 3 for s y x using the Flajolet-Prodinger definition of s%. It would be more work to establish both results using only one definition.
Proofs of the theorems

Proof of Theorem 1
Let u 0 be defined as in Theorem 1. A significant difference with the Moser-Wyman analysis arises here. The points km are just zeros of the integrand when a; is an integer and a contour can be moved through them with no difficulty. When χ is not an integer we avoid doing so. We deform the contour C to the following contounLet C\ be the straight line Im(z) = -2π 4-δ, 0 < δ however we shall think of <5 as small but fixed and Re(z) < e, where e is a small positive number. We let C 2 be the straight line Re(z) = e, going from e + ί(δ -2π) to the circle \z\ = u 0 , C 5 and C4 be the reflections in the real axis of C\ and C2 respectively. We let C 3 be the portion of the circle \z\ = u 0 , meeting C 2 and C 4 . The new contour is Ci U C2 U C3 U C4 U C 5 in the counterclockwise sense. We now observe that in the Moser-Wyman analysis [7] η and k can be positive reals. We refer to their analysis leading to their equation (4.3) . Note that Stirling's formula gives an asymptotic expansion for Q provided a:, y -χ -• oo. We obtain from their equation (5.1) (an instance of (4.3), letting χ = τη and y -η the result
where 2H(u) = e"(e" -l) which agrees with equation (2); note that the χ of equation (2) is y -χ here.
This proves Theorem 1.
Proof of Theorem 2
If h(n) < τη < η -n a , where h(n) is any function tending to infinity with n, and α is a positive constant <1/2 then Moser-Wyman [6] show that (they denote ui by R) We now consider the remaining range y -χ = 0(y a ), where 0 < a is a constant < 1/2.
We note first of all that we can follow Moser-Wyman making only very minor changes to get (choosing their a = 1/3) to show that when χ and y are integral
In fact, Moser and Wyman give a convergent series for not only the first term, which is a complete asymptotic expansion.
We now show that the first expression in Theorem 2 (which is Temme's) agrees with this formula. We begin by deriving an estimate for ui. Note that we have g (ti) = 1 4-ö(y~1^3) and Theorem 2 is proved.
Proof of Theorem 3
We follow the approach of Richmond-Merlini [10] , however we use the Moser-Wyman results in place of Gardy's results [3] . The notation below is that of Moser-Wyman and Gardy.
(Gardy's Theorem 3 was designed to hold under as general a class of functions as possible not only for the Stirling numbers). Clearly xu 0 < y and equation (3.4) of Moser-Wyman [7] shows xuo > y -χ so xuo plays the role of y in Gardy's work and also in that of Richmond- Merlini. Gardy's ôh(p) = p/ ( 1 -e~p) ) is also the coefficient of Θ 2 in Moser-Wyman's g(9, R).
Moser-Wyman show that the coefficients, c*, of 0* satisfy c* < MR, M an absolute constant. So again is log-concave.
Closing Comments
It is clear that while we have derived Temme's results in the slightly more general context of generalized Stirling numbers, the situation is not satisfactory. It would be much preferable to show how to choose the contour of integration so that Temme's f(t) (or G(t)) has no singularities on or in the contour of integration, indeed to see how to do this for integrals other than those representing the Stirling numbers. The Moser-Wyman technique for the extreme ranges can be replaced by Watson's Lemma for loop integrals or other quite general methods.
The log-concavity results show that the generalized Stirling numbers of the second kind have a unique maximum for δ < χ < y for large y. The problem of showing this for integral variables seems to be still open. Erdös [2] has shown that the Stirling numbers of the first kind have a unique maximum when the variables are integral.
log SI = log(y + 1)! -log (a; + 1)! -log(y -x)! + {y-x) log(x/2) + • · ·,
